We investigate analytically the production of entropy during a breathing cycle in healthy and diseased lungs. First, we calculate entropy production in healthy lungs by applying the laws of thermodynamics to the well-known transpulmonary pressure-volume (P − V ) curves of the lung under the assumption that lung tissue behaves as an entropy spring-like rubber. The bulk modulus, B, of the lung is also derived from these calculations. Second, we extend this approach to elastic recoil disorders of the lung such as occur in pulmonary fibrosis and emphysema. These diseases are characterized by particular alterations in the P − V relationship. For example, in fibrotic lungs B increases monotonically with disease progression, while in emphysema the opposite occurs. These diseases can thus be mimicked simply by making appropriate adjustments to the parameters of the P − V curve. Using Clausius's formalism, we show that entropy production, ∆S, is related to the hysteresis area, ∆A, enclosed by the P − V curve during a breathing cycle, namely, ∆S = ∆A/T , where T is the body temperature. Although ∆A is highly dependent on the disease, such formula applies to healthy as well as diseased lungs, regardless of the disease stage. Finally, we use ansatzs to predict analytically the entropy produced by the fibrotic and emphysematous lungs.
I. INTRODUCTION
Although physics and biology developed as separate branches of science, the role of physics in biology has assumed increasing importance over the past century. This applies particularly to the branch of physics known as thermodynamics. The laws of thermodynamics are based on empirical evidence derived from the behavior of macroscopic systems [1] , and in this respect share similarities with much of our knowledge about biological systems. Indeed, in his seminal 1944 book "What is life?", Erwin Schrödinger addressed the question of how living systems can maintain order in apparent violation of the second law of thermodynamics. He postulated that life is only possible if living systems export entropy to their surroundings [2] . He even conjectured the existence of an "aperiodic crystal" containing the genetic information of living beings a decade earlier than the discovery of DNA [3] . His influential ideas stimulated the development of molecular biology and many areas of theoretical biology that are still being pursued today.
The field of thermodynamics has been greatly advanced by the advent of the digital computer which provides the means to link thermodynamics to microscopic mechanisms using the ideas of statistical mechanics in situations that defy analytical calculation. This is also now finding significant application in biology. For example, the microscopic progress of fibrosis and emphysema in the lung has been linked to pathologic changes in macroscopic lung function in terms of a percolation process [4, 5] and the fractal dimension of nuclear chromatin has been found to provide a potential molecular tool for cancer prognosis [6] . Additionally, the connectivity of the brain has been studied in the framework of complex networks [7] as well as the maximization of entropy production [8] . These advances rely on extensive numerical computation because of the highly nonlinear interactions involved between the myriad components in these complex systems.
Regardless of these complexities, however, the laws of thermodynamics must still hold. This applies in particular to the second law that governs entropy. The very essence of a living system is continual internal activity of a very ordered nature, but this activity necessarily generates entropy which is the engine of disorder. Nevertheless, living systems manage to maintain, throughout their lifetimes, all electrical, chemical, and temperature gradients that define their internal order [9] . Accordingly, living systems must somehow export the entropy they generate to the environment, as Schrödinger postulated [2] . But what happens if not all the entropy is exported? The remainder stays within the system where its inescapable consequence must be a gradual progression of the system toward malfunction (i.e., disease) and eventual death. This raises two considerations that are paramount for the life and health of an organism: 1) the rate at which entropy is produced, and 2) the success with which that entropy is exported. In this paper we focus on the first of these considerations in relation to the lung, a well-defined thermodynamic system in the human body that exchanges mass and energy continually with its surroundings.
The volume of fresh air inspired with every breath is a consequence of the pressure generated by the respiratory muscles (principally the diaphragm) and the elasticity of the lung tissues. The latter include contributions from both the protein fibers of the extracellular matrix and the surface tension of the air-liquid interface [10] . These events take place under essentially isothermal conditions because temperature fluctuations deep in the lung are negligible even though the temperature of the inspired air gradually increases from ambient at the mouth to body temperature at some point along the conducting airway tree [11] . A thermodynamic model has already been developed to predict the work done on the air-liquid interface in the lung as a result of surface tension [12] , something that can change markedly in, for example, acute respiratory distress syndrome [13] . Our focus here, however, is on pulmonary diseases that affect the elastic protein fibers of the lung tissue, of which there are two main examples. Pulmonary fibrosis involves the excess production and abnormal arrangement of protein fibers and thus causes the lung to become stiffer than normal, while emphysema involves the destruction of these fibers and so leads to a lung that is correspondingly less stiff than normal [14] . Currently, neither fibrosis nor emphysema can be cured, yet together they constitute an enormous public health burden; fibrosis affects approximately 5 million people worldwide [15] , while the World Health Organization reports that emphysema led to the death of more than 3 million people in 2012 alone [16] . Accordingly, in the present study we propose a simple thermodynamic model of the pressure-volume (P − V ) relationship of the lung. We use this model to calculate the entropy produced in the lung during normal breathing, and then examine how this production is altered in pulmonary fibrosis and emphysema.
II. THERMODYNAMICS OF HEALTHY LUNGS
We consider the lung as a purely elastic system with a state defined by its volume (V ). The equilibrium state is the value of V at the end of a relaxed expiration, known as Functional Residual Capacity (F RC), which is also taken here as the minimum V . During inspiration, the respiratory muscles (principally the diaphragm) create a pressure gradient across the lung, known as transpulmonary pressure (P ), that expands the lung to a volume V f that is typically somewhat variable from breath to breath during normal breathing but which has a maximum possible value known as Total Lung Capacity (T LC). During expiration, V is returned to F RC by the elastic recoil forces generated within the lung tissues during the previous inspiration. Figure 1 shows typical P versus V (P − V ) curves for the lung. Such curves are well-known and can be measured experimentally [17] . (Note that V here represents the volume of air entering and leaving the lung during breathing, not the volume of the lung tissue.)
The elastic recoil pressure of the lungs is generated as a result of microscopic processes occurring within the lung tissue, such as the stretching and unfolding of individual protein fibers. We assume here that the lung tissue behaves similarly to rubber which is an elastic material composed of long-chain polymers, called elastomers, that have particular thermodynamic properties. For example, the Young's modulus of rubber is proportional to absolute temperature, an intriguing property that causes rubber to release heat when stretched as a result of a corresponding decrease in entropy, and conversely to absorb heat when returning toward equilibrium [18] . Microscopically, the decrease in entropy can be explained by progressively fewer molecular conformations available for the elastomers as they stretch. Conversely, the decreased entropy in the stretched state gives rubber the ability to subsequently convert thermal energy into work as it contracts against a load and its entropy increases. In this sense, a rubber behaves somewhat like an ideal monatomic gas because neither stores potential energy in the distortion of chemical bonds, but both convert thermal energy into work on their surroundings [19] .
The justification for considering lung elasticity to have an entropic basis comes first of all from the fact that the principal structural proteins in lung tissue are elastin and collagen, both of which are organized into long tortuous fibers. For both elastin [20] and collagen [21] these fibers have been modeled, for modest stretches, as worm-like chains that behave like entropic springs (although at high levels of strain both fiber types begin to store elastic energy in their molecular bonds). Collagen is at least 100 times stiffer than elastin, so for simplicity we will assume that collagen fibers are actually infinitely stiff so that worm-like chain entropy applies only to the elastic fibers. Entropy also applies to collagen fibers but for a different reason, as follows. The collagen and elastic fibers form an essentially random network in which the stress at low strain is borne almost exclusively by the elastin fibers and the collagen fibers are flaccid and wavy. As strain (V ) increases the collagen fibers become taught and thus prevent those elastin fibers in their immediately vicinity from being able to stretch. This gives rise to a progressive stiffening of the entire tissue as V increases, as seen in the P − V curve (Fig. 1 ) and as modeled previously in 1D [22] . However, the collagen fibers in 3D lung tissue are not entirely constrained in their orientations but rather may assume different directions as a result of thermal motion [23] . At equilibrium these fiber directions may be quite random but as the tissue stretches the fibers become oriented preferentially in the direction of local strain. This reduces the number of possible configurations of heat Qi is released during inflation whereas it is absorbed during deflation Qe. However, due to dissipation, heat is released during both inspiration and expiration, denoted by Di and De, respectively. The hysteresis is due to an asymmetry between the recruitment and derecruitment processes of collagen fibers, during inspiration and expiration, respectively. the fibers within the tissue matrix and hence reduces their entropy. Assuming that the fibers resist being oriented in the direction of strain to a degree that is proportional to absolute temperature, T , collagen recruitment can also be modeled as an entropic process similar to the stretching of rubber.
We can thus reason that the collagen and elastin fibers in lung tissue ought to behave together as an entropically elastic material. Note, however, that these fibers do not undergo their thermodynamic excursions within the living lung in isolation but rather exist under essentially isothermal conditions because the metabolic processes of life, and especially the heat-exchanging capacity of the circulating blood, maintain core body temperature at an even 37
• C. Consequently, these fibers have the capacity to exchange heat with their environment and thus to dissipate energy, which occurs as a consequence of the frictional heat that is generated as the fibers are continually jostled by thermal motion. Thus, an amount of heat energy D i is released irreversibly to the surroundings as a result of frictional losses during inspiration. Similarly, during expiration an amount D e is released irreversibly as frictional losses. Note that these frictional heats are different to the heats released during inspiration and imported during expiration as a result of entropic changes, namely Q i and Q e , respectively. In other words, even though the macro-configurations of the collagen and elastin fiber systems may be identical at the end of each expiration, their micro-configurations are different from breath-to-breath, and frictional energy is dissipated in moving from one end-expiratory micro-configuration to the next.
Clausius formulated the Second Law as follows:
where N > 0 is the so-called uncompensated transformation, which is the entropy due to irreversible processes within the system. S and S 0 are the entropies of the final and initial states and T is the absolute temperature. The last term identifies any exchange of heat with the environment. Hence, ∆S i = S − S 0 represents the entropy production during an irreversible process that moves the system from the initial to the final state. In our case, since the lung returns at the end of each breath to the same volume, F RC, at the same temperature, T , the entropy of the tissues at the end of a breath cycle should be the same as at the end of the previous cycle. This implies that the entropy produced by the irreversible processes is exported to the environment, principally the heat bath provided by the circulation. Now, the change in entropy ∆S r around the cycle due to the any alterations in the configurations of the elastin and collagen fibers must be zero because we consider the elastic properties of lung tissue to be conservative. In other words, the last term in Eq. 1 cancels during over cycle:
which also means that the change in entropy of the system is entirely due to the frictional work, N = ∆S i , which is given by
where D i and D e are the amounts of frictional energy dissipated during inspiration and expiration, respectively. On the other hand, the sum of D i and D e is the total frictional energy dissipated around the breath cycle, which equals the hysteresis area of the P − V loop (Fig. 1) . This area is
where P i and P e are simply P during inspiration and expiration, respectively. Substituting into Eq. 2 then gives
where ∆S i is positive since ∆A is positive. Notice that if the area between the curves vanishes, N in Eq. 1 also vanishes as predicted by the Clausius formulation for reversible processes. Equation 4 shows that the energy dissipated during each breathing cycle can be linked directly to entropy production, ∆S i , which is exported to the environment with each breath.
III. ANALYTICAL FITTINGS OF THE TRANSPULMONARY P − V CURVES
We can obtain a formula for ∆S i from analytical expressions for the inspiratory and expiratory P − V curves shown in Fig. 1 . These curves can be fitted with sigmoidal and exponential functions, respectively, as follows [17] ,
where V i and V e represent V during inspiration and expiration, respectively. The difference ∆V = V f − F RC is the change in lung volume during a breath, and is usually referred to as tidal volume. Note that V f is substantially smaller than T LC during normal resting breathing. During inspiration, V i begins at its minimum value of F RC (when P = 0) and increases to V f , in which case the parameter a = b ln(∆V /F RC) represents the inflection point of the sigmoid. The parameter b governs the slope of the sigmoid at its inflection point; the larger is b the smaller is the slope. The exponential equation for V e in Eqs. 5 is governed by a single parameter, the exponent k that, like b, governs the rate of change of volume with pressure except this time during expiration. Rewriting Eqs. 5 explicitly in terms of P gives
Finally, integrating these equations with respect to V and substituting into Eq. 3 gives
This equation defines the entropy produced (and exported) by the lung tissue during a single breathing cycle as a function of the tidal volume, V f . The parameters b, k, F RC and T can be taken to be constants for a normal adult lung, but may vary with disease. Remarkably, the first term on the left-hand side of Eq. 7 is homomorphic to the change in entropy of an ideal gas when its volume increases from V A to V B under isothermal conditions, namely, ∆S ideal gas = (P B V B /T ) ln(V B /V A ).
IV. BULK MODULUS
The bulk modulus of the lung is the inverse of its specific compliance and characterizes its elastic properties; the larger the bulk modulus, the stiffer (less compliant) the lung. The bulk modulus B is thus defined as [24] B = V dP dV .
Using Eqs. 6 one finds that B during inspiration and expiration is given by,
, and
respectively. Because of the nonlinear P − V relationships, B changes with V during both inspiration and expiration. For simplicity, therefore, we will consider a representative B at the halfway point of the breath, i.e., at V = V f /2, which gives B i = 2b and B e = k. Moreover, it is always observed experimentally that B i > B e , so in the following we will use k = b, which satisfies this condition.
V. APPLYING THE MODEL TO FIBROTIC AND EMPHYSEMATOUS LUNGS
It has been observed that Eqs. 6 also provide good fits to the P-V curve of both fibrotic [25] and emphysematous [26, 27] lungs. The altered P − V curves in these diseases can thus be mimicked simply by adjusting the parameters in Eqs. 6. In fibrosis the lung becomes stiffer so patients need to apply more pressure to inspire a smaller volume of air. In emphysema the loss of lung elasticity increases F RC due to the outward recoil of the chest wall. We therefore model fibrosis by increasing b, while emphysema is modeled by decreasing b. Specifically, we let b vary with disease state according to is the value of b for a healthy lung. Thus, b starts at b 0 and changes monotonically either up or down as the disease progresses. Figure 2 shows schematically how f (c) changes for fibrosis and emphysema.
Another important physiological change that occurs in both fibrosis and emphysema is that V f also changes with disease progression, so V f is also a function of c. Specifically, V f (c) decreases in fibrosis and increases in emphysema. This has the effect of essentially creating a smaller or larger lung, respectively, which means that the ratio of V f to F RC in Eq. 7 remains unchanged. V f and F RC thus change in the same proportion according to the function g(c) thus:
Where F RC 0 and V f 0 are the healthy values for F RC and V f , respectively. Like f (c), g(c) also starts from 1, at c = 0, and changes monotonically with c but in the reverse direction. That is, f (c) increases in fibrosis while g(c) decreases to account for the fractional change in lung volume that occurs with disease progression. Conversely, g(c) decreases in emphysema while g(c) increases.
We are now in a position to describe how the entropy production per breathing cycle changes as disease evolves. Consider, for example, the case of a deep inspiration to T LC (i.e., V f = T LC 0 ). We can then compare the behavior of P − V curves in diseased lungs to healthy lungs. This gives, from Eq. 7,
where
shows that the entropy produced in the lungs over the breath cycle changes with disease by an amount given simply by multiplying ∆S i (from Eq. 7) by the product of f (c) and g(c). This shows how the alteration of bulk modulus, as well as the alteration in the parameter b in disease plays a role in entropy production. Additionally, one interpretation of entropy production is that its increase in a given disease condition signifies a less efficient mechanical function for the lung and more of the elastic recoil is converted into heat. emphysema (B) . Notice that the entropy production is normalized with its value at c = 0. The other parameters are the same as those used in Fig. 3 .
VI. ANSATZ FOR f (c) AND g(c)
It remains to define f (c) and g(c) for either fibrosis or emphysema. Conceivably, these functions could be determined by analyzing P − V curves at different stages of the disease, but this has yet to be done. Alternatively, the functions could be guessed at on the basis of the behavior of a computational model of disease progression, such as the percolation model we have previously investigated [5] . To keep things simple at this point, however, we take here a simple empirical approach by first noting that f (c) and g(c) should start at unity and change monotonically with the progression of disease. Furthermore, it is known that the symptoms of fibrosis only become apparent when about 30% of the lung is affected, while emphysema symptoms may be noticed at an earlier stage. In other words, the function f (c) for fibrosis should not change much until c ≈ 0.3, whereas in emphysema symptoms may occur for c 0.
Accordingly, we make the following assumptions for the f functions for fibrosis, f f i (c), and for emphysema, f em (c):
The equation for f f i (c) mimics the fact that fibrosis progresses slowly at early stages but grows faster as the affected tissue nears the percolation threshold in the lung. The equation for f f i (c) and f em (c) captures the behavior of the bulk modulus of emphysematous lungs as found in previous studies [5, 24] . The function g(c), which defines how T LC and F RC change with the disease, is actually harder to predict without experimental data. It has been reported, however, that the P − V area or the dissipation during breathing increases both in fibrosis [28] and emphysema [29] . Here, for simplicity, we apply a similar analytical approach as that used for f (c). That is,
γ , and
for fibrosis and emphysema, respectively. If γ and κ are positive, then g f i (c) decreases while g em (c) increases with c. Besides, in order for ∆A to increase with c for both diseases as reported in the literature [28, 29] , the following conditions must be met: α > γ and β > κ. Figure 3 shows the P − V curves, plotted using these analytical expressions, for healthy lungs as well as fibrotic and emphysematous lungs, for several sets of parameters. Figure 4 shows the entropy production as a function of c for fibrosis (Fig. 4(A) ) and emphysema (Fig. 4(B) ). Notice the sudden increase of entropy production for c > 0.8 in fibrosis, which suggests that in end-stage disease respiration becomes highly inefficient as much of the elastic energy stored in the fibers by the respiratory muscles is dissipated as heat. On the other hand, in emphysema, the entropy production increases much slower, suggesting a more gradual deterioration of the efficiency of the lung.
VII. LIMITATIONS
The model developed here has several important limitations. First, we neglect the contribution of surface tension at the air-liquid interface to the mechanical behavior of the lung. However, surface tension and, more importantly, airway closure and re-opening are important issues at low lung volumes and in diseases that are accompanied by edema formation. The effect of surface tension is much less in the normal lung and in emphysema and fibrosis than in acute lung injury. We also neglect the energetic contribution of collagen to lung elastic recoil. Instead, we argue that fiber alignment and recruitment can be modeled as a change in configuration, an assumption still that has to be experimentally verified. We also neglect the explicit mechanisms at the microscale that likely contribute to entropy production in the tissue. In several previous studies, it has been argued that polymer reptation [30] , fiber alignment [23] , fiber-fiber interactions [31] as well as collagen-proteoglycan interactions [32] might contribute to the dissipative processes in the lung tissue.
VIII. CONCLUSIONS

